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Solid-state 13C and 2H NMR measurements allow characterization of lipid membrane structure and dynamics and offer unique insights into
their biophysical properties. Structural and dynamical formalisms provide a model-free reduction of 2H and 13C NMR lineshape and relaxation
measurements in terms of mean-square amplitudes (order parameters) and reduced spectral densities (correlation times). Segmental order
parameters are obtained from residual quadrupolar couplings (RQCs) and residual dipolar couplings (RDCs) that provide direct information about
bilayer structural properties. Application of a mean-torque model gives the area per lipid and volumetric hydrocarbon thickness, and is important
for validating molecular dynamics (MD) simulations. Moreover, NMR relaxation rates yield complementary information about multiscale bilayer
dynamics if treated in a unified manner. Combination of frequency-dependent spin–lattice relaxation rates and anisotropic spin couplings allow
unified interpretations of complementary 2H and 13C NMR experiments. Relaxometric measurements show that lipid mobility and collective
order fluctuations are implicitly governed by the viscoelastic nature of the liquid-crystalline ensemble. Notably, the bilayer interior has a
microviscosity similar to liquid hydrocarbons. Collective bilayer excitations emerge over mesoscopic length scales between the molecular and
bilayer dimensions and are important for lipid organization and protein interactions.
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Introduction
Nuclear magnetic resonance spectroscopy is one of the pre-
mier tools for studying phospholipid membranes. From an
application standpoint, nuclear spin couplings and relaxation
measurements allow characterization of structural and dynamic
adaptations of membrane lipids on multiple time and length
scales.1–6 Both solid-state 2H and 13C NMR spectroscopies
detect molecular features ranging from localized motions of
carbon bonds to slow dynamics emergent over the microscopic
dimensions of the lipid bilayer.7,8 Such biophysical interpreta-
tions are founded on the quantum mechanical (QM) theory
of nuclear spin angular momentum as expounded by Wigner9

and Rose,10 and refined for general NMR phenomena as in the
classical treatments by Häberlen11 and Spiess.12

The present contribution builds upon the earlier article
of Brown and Chan13 (Bilayer Membranes: Deuterium and
Carbon-13 NMR), and describes how measurements of 2H
and 13C nuclear spin interactions are related to principles
of phospholipid membrane organization. Essentially, it is the
goal of the NMR spectroscopist to define the mean-squared
amplitudes and correlation times for the fluctuating inter-
actions pertaining to lipid structure and dynamics. Such a
generalized model-free (GMF) approach can then be enhanced
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by introduction of specific motional models.7 Here, we first
outline the QM relations for an irreducible spherical tensor rep-
resentation, including their transformation properties under
rotations that are applicable to both 2H and 13C NMR spectro-
scopies. The mathematical formalisms simplify the treatment
of the electric quadrupolar and magnetic dipolar coupling
tensors as applied to phospholipid membrane studies. To
bridge these QM principles with lipid structure determination,
we describe closed-form results for a mean-torque statistical
model of the residual quadrupolar and dipolar nuclear spin
couplings. The analysis yields average cross-sectional areas
and volumetric hydrocarbon thicknesses per lipid in relation
to the membrane forces. Next, the treatment of the residual
quadrupolar couplings (RQCs) and residual dipolar couplings
(RDCs) in solid-state NMR is combined with 2H and 13C
nuclear spin–lattice (Zeeman) relaxation times (T1Z) that lead
to a unified representation of multiscale phospholipid motion.
The directly evaluated RDCs and RQCs are interpreted together
with variable Larmor frequency T1Z measurements. Relaxom-
etry quantifies the molecular mobility in the liquid-crystalline
state in terms of correlation time distributions for quasi-
elastic mesoscale membrane deformation. Our development
emphasizes and extends the unique structural and dynamic
biophysical insights that are only obtainable from multinuclear
NMR spectroscopy.
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Nuclear Spin Couplings as Probes
of Liquid-Crystalline Membranes
Phospholipid molecules naturally contain readily detected
NMR-active isotopes – namely 1H, 13C, and 31P, as well
as 14N in some cases (see Bilayer Membranes: Deuterium and
Carbon-13 NMR, Bilayer Membranes: Proton and Fluorine-
19 NMR, Liquid Crystalline Samples: Carbon-13 NMR, and
Membranes: Phosphorus-31 NMR). Moreover, selective 2H
enrichment provides additional site-specific probes of the lipid
membrane (see Liquid Crystalline Samples: Deuterium NMR,
Bilayer Membranes: Deuterium and Carbon-13 NMR, and
Membranes: Deuterium NMR). Frequency spectra and relax-
ation times for these nuclei are the measured quantities in the
NMR experiment (see Deuteron Relaxation Rates in Liquid
Crystalline Samples: Experimental Methods). Interpretation of
these observables is assisted by introducing the QM principles
of nuclear spin angular momentum. The ability to theoretically
predict spectral behavior for these varied nuclei allows for the
correlation of nuclear spin interactions with specific molecular
properties of the membrane lipids.

Representation of Nuclear Spin Hamiltonians

With the presence of an external magnetic field, the energy
levels of a system of nuclear spins are determined mainly by
the interaction of the nuclear magnetic moment and B0, which
is called the Zeeman interaction:

ĤZ = −γ �B0 Îz (1)

In equation (1), Ĥ is the Hamiltonian and Îz is the operator for
the projection of the spin angular momentum onto the external
B0 magnetic field z-direction. Besides the dominant Zeeman
interaction, the energy levels of the spin system are perturbed
by the nuclear spin coupling interactions. The perturbation
energy of the homonuclear 2H (I = 1) or heteronuclear 13C–1H
nuclear (I, S = 1/2) spin systems depends on the intrinsic
nuclear and electronic structure of a given atom, or the coupling
interaction between the heteroatoms.14

According to the formulation of Ulrich Häberlen’s book,11

the energy of such nuclear spin interactions is specified by the
coupling Hamiltonian Ĥλ:11

Ĥλ = �Cλ

3∑
α,β=1

ÎαRλ
αβAλ

β = �Cλ

3∑
α,β=1

Rλ
αβT

λ
βα︸ ︷︷ ︸

Cartesian basis

= �Cλ

∑
j

j∑
m=−j

(−1)mR
(j)
m (Ω)T̂

(j)
−m︸ ︷︷ ︸

spherical basis

(2)

Here the perturbations of interest include the chemical shift
(λ = CS), the direct magnetic dipolar coupling (λ= D), and
the electric quadrupolar interaction (λ= Q). (J-coupling and
spin rotation are not considered.) Equation (2) states that a
given nuclear spin interaction can be represented in a Cartesian
basis by the nuclear spin angular momentum operators

Îα = {̂Ix, Îy, Îz}, with Cλ as the coupling parameter,
interaction operators Âλ

β , and Rλ
αβ as the coupling tensor.

The tensor Rλ
αβ depends on the electronic or nuclear

structure. Alternatively, we can represent the interaction
by a single tensor Tλ

αβ formed as the dyadic products of
ÎαAβ for simplification. Moreover, we can change from the
Cartesian basis to the more convenient spherical basis for
multiple coordinate transformations. The change of basis
leaves the Cλ unchanged, while Rλ

αβ and Tλ
αβ are replaced

by the irreducible tensor operators R
(j)
m and T̂

(j)
m , where

m is the projection quantum number ranging from − j
to j in a spherical tensor representation. By decomposing
the second-rank Cartesian tensor Rλ

αβ into its irreducible

components R
(j)
m in a spherical basis, only the terms with

rank j = 0, 1, 2 are nonzero. For the chemical shift (λ= CS)
irreducible tensors of rank j = 0, 1, 2 occur, whereas for
the direct magnetic dipolar coupling (λ = D) or electric
quadrupolar coupling (λ = Q) only the traceless irreducible
tensor R

(j)
m of second rank comes into play. As a result, for

λ= D, Q just the second-rank coupling tensor T̂
(j)
m with j = 2

appears in the perturbing Hamiltonian, yielding considerable
simplification.

To continue, for a given coupling tensor Rλ
αβ , the values of

the components in the laboratory frame (Cartesian basis) are
needed to calculate the Hamiltonian Ĥ. On the other hand,
we only know the tensor components in the principal axis
system (PAS) of the molecule. The reason for changing from a
Cartesian basis to a spherical basis is that it is more straight-
forward to transform the interaction from the PAS of the
molecule to the laboratory (B0) frame, where the spin angular
momentum is quantized. In closed form, a similarity transfor-
mation in a Cartesian basis is already fairly complicated, and
the treatment of multiple coordinate transformations becomes
very challenging indeed. However, in a spherical basis, the
irreducible tensor operators T̂(2)

m transform according to the
well-known formulas of angular momentum theory.10 It gives
us a powerful theoretical technology that can be applied to
the problem of lipid structure and dynamics in the membrane
liquid-crystalline state.

Notably, using a spherical basis, we are able to introduce
the Wigner rotation matrix to transform the irreducible com-
ponents of the coupling tensor ρ

(2)
m in the PAS frame to its

components R(2)
m in the laboratory frame. We can then solve

the Schrödinger equation to obtain the energy eigenvalues,
and hence the transition frequencies for the Zeeman inter-
action, together with the perturbing quadrupolar or dipolar
interactions. For the convenience of the reader, the irre-
ducible components ρ

(2)
m and the irreducible tensor operators

T̂(2)
m are listed in Table 1. In NMR, instead of using the

angular momentum operator Ĵ with units of � ≡ h/2π, we
define the spin angular momentum operator Î = Ĵ/� that is
dimensionless. Here Îz is the z-component and Îx and Îy are
expressed by the familiar ladder operators, where Î± = Îx ± i Îy.
When the system includes a second spin with angular momen-
tum Ŝ, analogous relations hold.

In the representation of {̂I 2, Îz}, with eigenfunctions |I, m〉,
the evaluation of the nuclear spin operators is assisted by the
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Table 1. Irreducible components of angular momentum operators and
coupling tensors in a spherical basis.

Angular momentum operator
(laboratory frame)

Coupling tensor
(PAS frame)

T̂(2)
0 = 1√

6
(3̂IẑSz − Î · Ŝ) ρ

(2)
0 =

√
3
2 δλ

T̂(2)
±1 = ∓ 1

2 (̂IẑS± + Î±Ŝz) ρ
(2)
±1 = 0

T̂(2)
±2 = 1

2 Î±Ŝ± ρ
(2)
±2 = − 1

2 δληλ

Table 2. Coupling constants for irreducible representation of nuclear
spin Hamiltonians.

2H quadrupolar coupling 13C–1H dipolar coupling

CQ eQ/2� CD =−μ0 γ Cγ H�/2π

δQ = eq δD = 〈r−3
CH〉

0 ≤ ηQ ≤ 1 ηD = 0

χQ = CQδQ/π = e2qQ/h χD = CDδD/2π = −μ0γCγH�/4π2r3
CH

ΔνQ = 3CQδQD00
(2)(ΩPL)/2π ΔνD = 3CDδDD00

(2)(ΩPL)/4π

= 3χQD00
(2)(ΩPL)/2 = 3χDD00

(2)(ΩPL)/2

well-known relations for the matrix elements of the longi-
tudinal component Îz of the nuclear spin angular momen-
tum, and the Î± ladder operators. Corresponding formulas
hold for {̂S 2, Ŝz}. For the 2H quadrupolar interaction, the sec-

ular term T̂(2)
0 involves the scalar product Î · Ŝ, which for Î = Ŝ

amounts to evaluation of the eigenvalue of the Î 2 operator
that commutes with the main Zeeman Hamiltonian. For the
heteronuclear 13C–1H direct dipolar coupling, Î �= Ŝ in the
secular term. Now in 2H NMR, the nuclear electric quadrupo-
lar moment eQ interacts with the electric field gradient eq
of the carbon–deuterium bond, giving a static quadrupolar
coupling constant of χQ = CQδQ/π = 167 kHz for aliphatic
C–2H bonds in lipid membranes.15 Analogously, for 13C
NMR the magnetic dipolar coupling between 13C and 1H
nuclei scales according to the magnetogyric ratios of carbon
γ C and hydrogen γ H, respectively. A reduced coupling con-
stant corresponding to an average internuclear separation of
〈r−3

CH〉−1/3 = 1.14 Å was first suggested by Brown16 due to the
influence of vibrational pre-averaging. Experimentally, a static
dipolar coupling constant of χD = CDδD/2π = 40.4 kHz has
been reported that amounts to an equilibrium internuclear
distance of 〈r−3

CH〉−1/3 = 1.14 Å.17–19 For the 2H and 13C–1H
nuclear spin couplings, the coupling constant Cλ, principal
component δλ, and principal-axis asymmetry parameter ηλ

depend on the fundamental constants summarized by Table 2.
Transformation of the irreducible components of the

quadrupolar or dipolar coupling tensor from ρ
(2)
m in the PAS

frame to R(2)
m in the laboratory frame may be expressed either

through lengthy unitary matrix operations in a Cartesian basis,
or more elegantly and simply with irreducible spherical tensor
algebra. Using the Wigner rotation matrix elements D(2)

m′m(Ω)

in the irreducible spherical tensor basis,11 we obtain:

R(2)
m =

∑
m′

ρ
(2)

m′ D(2)

m′m(Ω) (3)

β

α

z ′′, z ′′′

z, z ′

x

x ′

x ′′ x ′′′

y ′, y ′′

y ′′′
γ

y

Figure 1. Euler angles characterize the results of solid-state NMR spec-
troscopic studies of phospholipid membranes in terms of structure and
dynamics. The geometrical relationship is shown between frame trans-
formations conducted via Euler angle (α, β, γ ) rotations, e.g., the PAS
to laboratory. Transformation is achieved by three consecutive rotations.
Following Rose,10 we assume two intermediate frames: a primed frame
(x ′, y ′, z ′) and a double-primed frame (x′′, y′′, z′′). The first step is rotation
of the PAS frame about its own z-axis by the angle α to the primed frame.
Next, we rotate the primed frame about its y ′-axis by the angle β, which
leads us to the double-primed frame. Finally, we rotate the double-primed
frame about the z′′-axis by the angle γ and thus we arrive at the laboratory
frame

Moreover, the Wigner rotation matrix elements D(2)

m′m (Ω) with
m′, m = 0, ±1, ±2 can be related to the (associated) Legendre
polynomials by D

(j)
m0(α, β, 0) = (−1)m

√
(j − m)!/(j + m)! ×

Pm
j (cos β)e−imα where P0

j (cos β) = Pj (cos β). The transfor-
mation involves using the Euler angles Ω ≡ (α, β, γ )10 defined
as shown in Figure 1.

To solve the Schrödinger equation for the nuclear spin inter-
actions, the eigenvalue equations for the angular momentum
operators are needed, and are written as:

Î 2 |I, m〉 = I(I + 1) |I, m〉 (4a)

Îz |I, m〉 = m|I, m〉 (4b)

Î± |I, m〉 =
√

I(I + 1) − m(m ± 1) |I, m ± 1〉 (4c)

The circumflex (̂) indicates a quantum-mechanical oper-
ator and the Dirac bra–ket notation | . . . 〉 is used for the
spin eigenfunctions. Using equation (4a–4c), we can solve
the Schrödinger equation to obtain the three energy levels
corresponding to the dipolar or quadrupolar Hamiltonian.
Considering single-quantum transitions (Δm = ± 1), the first-
order frequency shifts for dipolar or quadrupolar interactions
are obtained:

v±
λ = ±3

4
χλ

{
D(2)

00 (ΩPL) − ηλ√
6

[D(2)
−20(ΩPL) + D(2)

20 (ΩPL)]

}
(5)

In equation (5), λ = D, Q refers to the dipolar or quadrupolar
interaction. From Table 2 we know that ηD = 0 and, moreover,
ηQ is also zero if we assume axial symmetry for the electric field
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P

ΩPI (t )

Ω IM (t )
ΩDL

ΩMD (t )

I

M

L D

M

Figure 2. Different motions are treated by a general expansion in terms of coordinate-frame transformations. We illustrate Euler angles Ω with subscripts
describing several transformations between multiple reference frames invoked in biophysical studies of lipids using solid-state NMR spectroscopy. The
z-axes of the various coordinate frames are indicated. Symbols are defined as follows: I, internal or intermediate segmental frame; M, molecular interaction
frame; D, bilayer director frame; and L, laboratory frame

gradient tensor. Consequently, the splitting is expressed by:

Δνλ = ν+
λ − ν−

λ = 3

2
χλD(2)

00 (ΩPL) (6)

Clearly, the dependence of the irreducible components
R(2)

m (Ω) on their orientation within the laboratory frame is
pertinent to the treatment of bilayer lipid membranes. Figure 2
gives examples of the transformation frames of particular signif-
icance to membrane lipid biophysics. The overall Euler angles
ΩPL relate the static PAS (P) to the laboratory frame (L) by a
sequence of intermediate-frame transformations (cf. Figure 2;
not all frames are shown).7 Here, we can use the Wigner rota-
tion matrix and its mathematical closure property to help us
realize these frame transformations.1 The overall rotation of
coordinates can be decomposed into transformations between
the internal (intermediate) segmental frame (I), the molecular
interaction frame (M), and the bilayer director frame (D) that
is parallel to the average bilayer normal n0. Utilizing the closure
property of the rotation group, equation (7) shows that we can
expand the D(2)

m′m(ΩPL) matrix elements in terms of the Wigner
rotation matrix elements for each of these frames:1

D(2)

m′m(ΩPL, t) =
∑

r

∑
q

∑
p

∑
n

D(2)

m′r(ΩPI, t)D(2)
rq (ΩIM, t)

× D(2)
qp (ΩMN, t)D(2)

pn (ΩND, t)D(2)
nm(ΩDL) (7)

Depending on the type of motions considered, we can further
increase or suppress the coordinate transformations using the
powerful approach of group theory.

As shown above, for homonuclear one-bond C–2H or het-
eronuclear 13C–1H interactions, based on the Zeeman energy
the solutions to the eigenequations give a time-independent
perturbation of the energy levels. Consequently, there is a
manifold of stationary nuclear spin angular momentum states.
The transition frequencies between the spin states are probed
using resonant radio-frequency irradiation satisfying the Bohr
frequency condition. Often, for liquid-crystalline phospholipid
bilayers, symmetric (ηQ = 0) frequency spectra are obtained,

manifesting an elliptic probability distribution of the axially
symmetric coupling interactions. In solid-state 2H and 13C
NMR experiments, instead of the peak frequencies in the spec-
trum, we typically measure the peak-to-peak splitting Δνλ

of the spectral lineshape for either aligned or powder-type
(random) samples. Now in phospholipid liquid crystals, the
distribution of the molecular segmental orientations is cylin-
drically symmetric on average about the bilayer normal – an
axis called the director. Hence, we can decompose the over-
all transformation from the PAS (P) to the laboratory (L)
frame (Euler angles ΩPL) into a time-dependent transforma-
tion that describes the molecular or segmental fluctuations,
and a time-independent transformation that encompasses
the angular dependence. Using the closure property of the
rotation group (see above), two stepwise transformations are
involved. First, the time dependence of the molecular or seg-
mental fluctuations is denoted by the transformation from
the PAS to the director (D) frame, given by the Euler angles
ΩPD(t). Second, the static transformation from the director
to the laboratory-axis system of the main magnetic field B0 is
given by the Euler angles ΩDL and accounts for the angular
dependence.

Notably, we can then write that Δνλ = Δν
||
λ D(2)

00 (ΩPL) where
an axially symmetric static coupling tensor (ηλ = 0) is assumed.
After collapsing the above summation, we obtain that

Δνλ = Δν
||
λ

∑
n

D(2)
0n (ΩPD, t)D(2)

n0 (ΩDL) (8)

for the case of either 2H NMR or 13C NMR spectroscopy. In
equation (8), the maximum static splitting is Δν

||
λ = 3χλ/2.

For both 2H and 13C NMR, the lineshape splitting can be
formulated equivalently by using the irreducible coupling
interaction with the constant Cλδλ as the principal value.13

Here, the expansion with respect to the index n separates
the PAS–director (PD) transformation from the angular-
dependent director–laboratory (DL) transformation.

202 © 2014 John Wiley & Sons, Ltd. Volume 3, 2014
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Relating Solid-State 2H and 13C–1H NMR Spectra
to Lipid Membrane Structure

Solid-state 2H and 13C NMR spectroscopies have emerged
as powerful tools in characterizing the structure of lipids in
various liquid-crystalline membranes.1 The advantage of solid-
state NMR lies in the fact that it provides direct information
at the molecular level about both orientational order and
dynamics. Averaging of the static 2H and 13C–1H couplings as
given by equation (6) yields RQCs and RDCs that correspond
directly to the peak-to-peak splitting 〈Δνλ〉 of the electric
quadrupolar (λ = Q), or magnetic dipolar (λ = D) lineshapes.
For the ensemble-averaged splitting 〈Δνλ〉, we have that

〈Δνλ〉 = Δν
||
λ

∑
n

〈D(2)
0n (ΩPD)〉 〈D(2)

n0 (ΩDL)〉

= Δν
||
λ 〈D(2)

00 (ΩPD)〉D(2)
00 (ΩDL) (9)

In equation (9), all the terms in the summation are killed by the
axial averaging, except when the index n goes to zero, because
of cylindrical symmetry of the distribution about the director.
Using equation (9), a general and intuitive relation can be
derived between the RDC or RQC and the order parameter as
Sλ ≡ 〈D(2)

00 (ΩPD)〉 = 〈P2(cos βPD)〉, thus giving Δνλ ∝ χλSλ.
Here Sλ is the segmental order parameter (= SCH or SCD) as
introduced for phospholipid membranes by Joachim Seelig.3

The uniaxial relation of the principal axis frame (P) of the
coupling to the time-averaged director (D) axis is expressed
through βPD as the Euler angle (colatitude).

A representative solid-state 2H NMR spectrum for
uniformly-labeled 1,2-diperdeuteriomyristoyl-sn-glycero-3-
phosphocholine (DMPC-d54) membranes in the liquid-
crystalline state is shown in Figure 3(a). The powder pattern
constitutes a superposition of individual RQC Pake lineshapes,
that may be assigned to individual deuterated sites of the lipid
chains, following orientational deconvolution (the so-called
de-Pakeing). The splitting ΔνQ between each of the doublets
in the de-Paked 2H NMR spectra is related to the segmental
order parameter of each site, thus giving information about
the angular fluctuations of the lipid acyl segments as a function
of depth in the membrane bilayer. Figure 3(b) shows that
solid-state magic-angle spinning NMR experiments can pro-
vide 13C–1H magnetic dipolar couplings from 2-D separated
local-field (SLF) spectra. The 13C chemical shift frequency
spectra and chemical shift-resolved magnetic dipolar powder
patterns shown at left are extracted from the 2-D SLF spectra
shown at right. Analogously to the 2H NMR experiment, the
peak-to-peak splitting ΔνD corresponds to the RDC, and can
be related to the segmental order parameter of each 13C–1H
site. Note that this experiment simultaneously provides order
parameters for the headgroup, backbone, and acyl chain
regions of the phospholipid at natural isotopic abundance.

Significantly, the angular and distance dependencies of the
nuclear spin interactions provide an immediate means to study
the dynamical structure of the lipid membranes. At natural
13C isotopic abundance, signals are resolved for the individual
headgroup, backbone, and acyl chain positions without the
requirement of organic chemical synthesis. Isotopic 2H labels
may also be placed at similar segmental positions to obtain
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Figure 3. Solid-state NMR provides residual quadrupolar couplings
(RQCs) and residual dipolar couplings (RDCs) that correspond to the
ensemble-averaged molecular structure. (a) Representative 2H NMR
quadrupolar powder-pattern spectrum (light brown line) exhibits axial
symmetry characteristic of the liquid-crystalline phase for DMPC at 30 ◦C.
Numerically deconvoluted (de-Paked) 2H NMR spectrum (dark blue
line) reveals quadrupolar splittings Δν

(i)
Q for various methylene segments

(i) of the acyl chains. (b) Isotropic 13C chemical shifts (δ) and recou-
pled anisotropic powder patterns are obtained using the two-dimensional
13C–1H magic-angle spinning (MAS) separated local-field (SLF) pulse
sequence DROSS.18 (c) The two-dimensional spectrum gives magnetic
dipolar coupling powder patterns for each resolved chemical shift. The
solid-state 13C–1H line shapes and chemical shift spectrum reveal magnetic
dipolar splittings Δv(i)

D recorded at natural isotopic abundance. The chem-
ical structure of DMPC and spectral assignments are shown. (Reproduced
from Ref. 28. © Elsevier, 2011)

additional information. The nuclear magnetic dipolar and
electric quadrupolar interactions localized to these specific
sites exhibit a marked variation, owing to the lipid structure,
as well as the symmetry of the membrane phase. Discrete
and continuum theoretical models account for the nuclear
spin couplings in terms of membrane structure. Figure 4
illustrates the structural measures, such as volumetric acyl
chain length and interfacial cross-sectional area, for lipids in
various membranes.20–22

The averaged quantity 〈D(2)
00 (Ω)〉 and the general set of Euler

angles Ω ≡ (α, β, γ ) may be specified to include transforma-
tions of arbitrary coupling frames, inasmuch as they contribute
to the RDC or RQC values observed experimentally. One for-
mulation of this configurational flexibility is provided by the
mean-torque model for membrane lipid structure.20 Here the
quadrupolar and magnetic dipolar coupling interactions of the

Volume 3, 2014 © 2014 John Wiley & Sons, Ltd. 203



A Leftin, X Xu & MF Brown

DW

DH

2DC

D

nL〈A〉

Figure 4. Depiction of the structural parameters of a phospholipid bilayer.
The bilayer thickness is twice the sum of the hydrocarbon thickness DC
and the head group layer DH, and by including the water layer thickness
DW the distance D between adjacent bilayers is obtained. For number of
lipids nL the bilayer volume is given by 2nL〈A〉(DC + DH) where 〈A〉 is the
cross-sectional area per lipid molecule.

lipid acyl chains are related to the distribution of the various
methylene carbon orientations within the membrane frame.
As shown in Figure 5, the methylene orientation is defined
by the projection of the virtual bond connecting the i + 1
and i − 1 methylene carbons onto a reference axis that cor-
responds to the all-trans rigid acyl chain.20 The intermediate
(I) frame has its z-axis normal to the H–C–H plane of a
methylene group (Figure 5), which makes an angle βIM to the
lipid molecular (M) frame. (The subscript IM is suppressed in
what follows.) This formulation suggests a relation between the
average methylene projection, or travel, expressed with respect
to the rigid-limit intermethylene value of DM = 2.54 Å for a
three-carbon segment, as given by:

〈Di〉 = DM〈cos βi〉 (10)

The total hydrocarbon chain thickness DC is then
used to determine the volumetric bilayer thickness as
DB ≈ 2DC + 2DH, with DH as the headgroup plus glycerol
backbone thickness. Additionally, through simple geometrical
arguments as detailed in the following sections, the average
cross-sectional area per lipid 〈A〉 can be evaluated directly.

In order to calculate the volumetric hydrocarbon thickness
DC our problem next turns to determining 〈cos β〉 as the
average over the chain orientational distribution. Here, we note
that the RQC and RDC values depend on 〈cos2 β〉, so that the
orientational distribution function f(β) must be reconstructed
in terms of its various moments. If it is assumed that the acyl
chains are subjected to an ordering potential U(β), then as
shown in equation (11) the orientational distribution function

〈AC〉

〈Di 〉

M

M

〈A〉

I

DM

Figure 5. Structural parameters for liquid-crystalline membranes are
derived from 2H and 13C–1H NMR spectral data by applying a simple
mean-torque model. For a polymethylene chain, a three-carbon seg-
ment (virtual bond) is defined from carbon Ci−1 to Ci+1 having length
DM = 2.54 Å and projection 〈Di〉 onto the molecular (M) axis. The orien-
tation of the z-axis of the intermediate (I) frame to the molecular frame is
shown. Using volumetric data, the hydrocarbon thickness DC and cross-
sectional area 〈AC〉 are obtained together with the area per lipid 〈A〉 (see
text). Phospholipid membrane graphics generated with CHARMM-GUI51

f(β) of the individual methylene segments can be described by
a Boltzmann distribution:

f (β) = 1

Z
e−U(β)/kBT (11)

The partition function Z expressed as equation (12) is defined
as an integral over angles β and is written by:

Z =
π∫

0

e−U(β)/kBT sin βdβ (12)

Next, we can expand the ordering potential U(β) experi-
enced by the lipid in a series of Legendre polynomials with
respect to the methylene projection, followed by truncation to
second order. As shown in equation (13), the potential of mean
force becomes:

U(β) ≈ U0P0(cos β) + U1P1(cos β) + U2P2(cos β) (13)

By making further substitutions, x ≡ cos β, ε0 ≡ U0/kBT, ε1 ≡
U1/kBT, and ε2 ≡ U2/kBT, we can recast the Boltzmann dis-
tribution and partition function within the intervals [0, π] to
[−1, 1] thus enabling known integral identities23 to be applied.
Analytic relations for first and second moments of the seg-
mental orientational distribution are then obtained in closed
mathematical form. The second moment 〈x2〉 in the Legen-
dre expansion of the orientational distribution corresponds to
the segmental order parameter, as experimentally measured
from solid-state NMR spectroscopy. If it is assumed that the
second-order mean-torque parameter ε2 is much smaller than
the first-order mean-torque parameter ε1, the first moment of
the distribution may be determined from the set of equations
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in x with known ε1. With this first-order mean-torque approx-
imation, we obtain 〈x〉 and 〈x2〉 as functions of ε1 yielding the
following expressions:

〈P1(cos β)〉 = 〈x〉 = 1

Z

1∫
−1

xe−ε0−ε1xdx

= 1 + e2ε1

1 − e2ε1
+ 1

ε1

(14)

〈P2(cos β)〉 = 1

2
(3〈x2〉 − 1)

= 1

Z

1∫
−1

(
3x2 − 1

2

)
e−ε0−ε1xdx

= 1 + 3

ε1

(
1 + e2ε1

1 − e2ε1
+ 1

ε1

)
(15)

In equations (14) and (15), the partition function is Z =∫ 1
−1 e−ε0−ε1xdx. Notice that this approximation is mainly valid

for methylene groups near the head groups of the lipid, where
the first-order mean-torque parameter ε1 is large and domi-
nates the expansion.

In this limit, for a phospholipid having two identical chains
such as DMPC, the cross-sectional area per lipid is found to
be:

〈A〉 = 4VCH2
q/DM (16)

In equation (16), we have that VCH2
is the methylene volume,20

and q = 〈1/cos β〉 is the so-called area factor. For a single
hydrocarbon chain, the area is then given by equation (17)
below:

〈AC〉 = 2VCH2
q/DM (17)

For phospholipids with two different acyl chains at the glycerol
sn–1 and sn–2 positions, equation (18) can be used to calculate

the average area per lipid:

〈A〉 = 〈Asn−1
C 〉 + 〈Asn−2

C 〉 (18)

In equations (17) and (18), the second-order truncation of the
generalized Legendre polynomial expansion of the area factor
q at the point of maximum probability, where cos β = 1, is
expressed by:

q = 〈1/cos β〉 = 〈x−1〉 ≈ 3 − 3〈x〉 + 〈x2〉 (19)

From the cross-sectional area obtained using equation (19),
one may calculate the volumetric hydrocarbon thickness cor-
responding to the acyl groups of a saturated lipid bilayer.
Knowing the number of carbons of the acyl chain nC and
intermethylene separation DM leads to the following result for
the volumetric bilayer thickness:

2DC = nCDM/q (20)

In equation (20), DC is the volumetric chain thickness owing
to one monolayer of the lipid bilayer.20 These relations allow
the ensemble lipid structure to be quantified in terms of the
RDC or RQC values (Figure 3). This geometrical picture of the
phospholipid membrane is further supported by small-angle
X-ray scattering (SAXS)24 and small-angle neutron scatter-
ing (SANS) results,25 as well as molecular dynamics (MD)
simulations.26

Nuclear Spin Relaxation and the Description
of Multiscale Membrane Motion
Characterization of the membrane motions is accomplished by
conducting NMR relaxation time measurements in conjunc-
tion with GMF analysis7 and/or by introduction of theoretical
models.25 In the liquid-crystalline phase of the lipid membrane,
three specific modes of lipid membrane motion are generally

10−12

Segmental fluctuation Molecular diffusion Membrane deformation

10−9 10−6 10−3

τc / s

ΩMD (t ) ΩND (t )Ω ID (t )

Figure 6. NMR spectroscopy reveals phospholipid membrane dynamics and structure over a range of time and length scales. The energy landscape of
phospholipid mobility is characterized by segmental fluctuations, molecular diffusion, and viscoelastic membrane deformation. Orientational fluctuations
correspond to geometry of interaction via Euler angles Ω for transformations between the various coordinate frames, and by correlation times τ c of the
motions. The coordinate frames are: I, intermediate segmental frame; M, molecular interaction frame; N, local director frame; and D, bilayer director
frame. The approximate range of time scales is indicated at bottom, and symbols are further defined in the text. (Adapted from Ref. 28. © Elsevier, 2011)

Volume 3, 2014 © 2014 John Wiley & Sons, Ltd. 205



A Leftin, X Xu & MF Brown

considered,1,7 as shown diagrammatically in Figure 6. These
motions include rapid segmental fluctuations of the flexible
lipid segments, restricted molecular reorientational diffusion of
the lipids, and slow quasi-elastic membrane deformation.27,28

The challenge for interpreting the 2H and 13C NMR relaxation
experiments lies in assigning the contributions from each of
these microscopic dynamical modes to the observed relaxation
times. Simultaneous application of these models to 2H and 13C
NMR relaxation rate measurements yields a wealth of infor-
mation about the correlation times and power-law predictions
characterizing the membrane dynamics.7

Fluctuating Hamiltonians and Nuclear Spin Relaxation

Here, we recall that the nuclear spin coupling interactions
are fluctuating quantities – they are not stationary. Time-
dependent transformations of the PAS can occur by mechanical
rotation as in magic-angle spinning of the sample (see Magic
Angle Spinning, Rotating Solids), radio-frequency-induced
rotations of the spins in pulsed NMR spectroscopy (see
Radiofrequency Pulses: Response of Nuclear Spins, Echoes
in Solids), or by molecular motions (see Relaxation Theory:
Density Matrix Formulation, Brownian Motion and Correla-
tion Times). We note that solids have motions and liquids
have structure – both aspects are intrinsic to the liquid-
crystalline state of matter. For ordered systems (including
molecular solids, liquid crystals, biopolymers such as fibrous
proteins and nucleic acids, and biomembranes), both the equi-
librium configuration and the structural fluctuations are of
interest.

In molecular spectroscopy, such information is encapsulated
by the correlation functions for the perturbing interaction. As
described earlier the spectral lineshape depends on the aver-
aged coupling Hamiltonian. The fluctuations of the coupling
Hamiltonian occur about the average value, and account for the
relaxation in terms of dynamical properties of the system. The
time-dependent fluctuations of the energy levels correspond to
spectral transitions, as described by time-dependent perturba-
tion 29 theory. Based on GMF analysis,7 we need to establish the
mean-square amplitudes of the rotation matrix elements that
describe the segmental or molecular fluctuations, together with
the associated correlation times of the motions. Such informa-
tion is challenging to obtain from scattering techniques such as
X-ray crystallography.

For a quantum statistical mixture of states, the equilibrium
density matrix ρ assumes a Boltzmann distribution with a
characteristic spin temperature.29 Displacement of the time-
dependent coupling interaction Ĥλ(t) from the equilibrium
ensemble average 〈Ĥλ〉30 gives Ĥ′

λ(t) as the fluctuating part of
the nuclear spin Hamiltonian:

Ĥ′
λ(t) ≡ Ĥλ(t) − 〈Ĥλ〉 (21)

In equation (21), we consider the spin dynamics in the interac-
tion representation, where both wavefunctions and operators
depend on time. Here, we use ρ∗ and Ĥ′∗

λ (t) as notation for the
density matrix and Hamiltonian in the interaction representa-
tion. Then, the time variation of the density matrix is described

by the following master equation.11,12

dρ∗

dt
= − 1

�2

∞∫
0

〈[Ĥ′∗
λ (t), [Ĥ′∗

λ (t − τ), ρ∗]]〉dτ

= −C2
λ

∑
m

[T(2)
m , [T(2)

−m, ρ∗]]︸ ︷︷ ︸
spin

×
∞∫

0

〈[R(2)
−m (Ω , t) − 〈R(2)

−m〉][R(2)
m (Ω , t − τ) − 〈R(2)

m 〉]〉eimωτ dτ

︸ ︷︷ ︸
space

(22)

where the subscripts for the transformation from the PAS to the
laboratory frame are suppressed (Ω ≡ΩPL). In equation (22),
the spin commutators may be evaluated for the various
laboratory-frame projections, e.g., giving relations for the
nuclear spin–lattice (T1Z), nuclear spin-spin (T2), and rotating
frame (T1ρ) relaxation times.12

The fluctuating spatial term is related to the autocorrelation
functions by Gm(t) = 〈[R(2)

m (Ω , t) − 〈R(2)
m 〉]∗[R(2)

m (Ω , t − τ) −
〈R(2)

m 〉]〉/ρ(2)2
0 which describes the time dependence of the

density matrix. That is why this term takes on such a special
significance in the description of the multiscale dynamics of
phospholipid membranes. The spectral densities of motions
Jm(ω) with projection index m within the laboratory frame are
the Fourier transform partners of the autocorrelation functions
Gm(t), and are expressed by:

Jm(ω) =
∞∫

−∞
Gm(t)e−iωtdt

= 1

ρ
(2)2
0

∞∫
−∞

〈[R(2)
m (Ω , 0) − 〈R(2)

m (Ω)〉]∗

× [R(2)
m (Ω , t) − 〈R(2)

m (Ω)〉]〉e−iωtdt (23)

Note that in equation (23), the spectral density function
depends on fluctuations of the coupling tensor elements occur-
ring at frequencies ω.

Here, we focus mainly on the spin–lattice (longitudinal)
relaxation time. For longitudinal or Zeeman order, the rate of
change of the populations of the Zeeman spin energy levels is
denoted by the T1Z relaxation time. The relaxation depends on
matching the spectral density of the fluctuations to the nuclear
resonance frequency in accord with time-dependent pertur-
bation theory. Consequently, the maximum efficiency of the
relaxation (minimum relaxation time) is found at the Larmor
frequency of the probe nuclei and depends on temperature. For
the case of the homonuclear I = 1 quadrupolar interaction, the
dissipation of energy is most efficient at ωD and 2ωD, where
ωD is the nuclear Larmor frequency of the deuteron.7 Accord-
ing to the theory of Alfred Redfield,30 the relaxation rate is
given by

R1Z(ωD) = 1/T1Z = 3

4
π2χ2

Q[J1(ωD) + 4J2(2ωD)] (24)
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where the spectral densities Jm(ω) are provided by equa-
tion (23). Analogously, for the heteronuclear 13C–1H direct
coupling interaction, the nuclear spin relaxation is most effi-
cient at the Larmor frequency of the observed 13C nucleus, as
well as the sum and difference of the Larmor frequencies of the
coupled 13C (ωC) and 1H (ωH) nuclei. The relaxation depends
on the number NH of dipolar-coupled 1H nuclei, leading to the
result:31

R1Z(ωC) = 1/T1Z

= 3

2
NHπ2χ2

D

[
1

6
J0

(
ωH − ωC

) + 1

2
J1(ωC) + J2(ωH + ωC)

]
(25)

Analytic expressions that interpret these macroscopic observ-
ables due to various nuclear spin couplings may then be
introduced in terms of microscopic interactions. As a general
rule, models for the spectral densities of motion include the var-
ious coordinate frames by applying the tensor transformations
given in equations (2) and (3).

Segmental to Collective Fluctuations

It was noted in early 13C NMR dynamics investigations of
lipid membranes by Yehudi Levine and coworkers32 that relax-
ation time measurements yielded site-specific differences for
the headgroup, backbone, and acyl chain carbons. When the
nuclear spin–lattice relaxation of Zeeman order is plotted
against carbon position, this local variation gives rise to a char-
acteristic relaxation rate profile. Moreover, Figure 7 shows that
for high-field, variable-frequency measurements conducted for
the model lipid 1,2-dipalmitoyl-sn-glycero-3-phosphocholine
(DPPC), there is a characteristic frequency dispersion that is
not found in simple isotropic liquids. Analogous studies of the
relaxation dispersions have been carried out by Friedrich Noack
in his pioneering magnetic field-cycling studies of nematic and
smectic liquid crystals.

A priori it is not known what causes this local variation
in relaxation times or the characteristic frequency (magnetic
field) dependence. The relaxation observables must entail the
types of membrane lipid motions including their rates, ampli-
tudes, and energetics – the potential surface for the lipids.
How does one go about disentangling this information by
combining solid-state NMR relaxation measurements together
with lineshape data? Clearly, the residual coupling interac-
tions are connected with the orientational distribution of the
flexible lipid molecules by transformation of their principal
axis frame to the membrane director. However, such a static
picture in terms of orientational order parameters neglects the
mean-square fluctuations, as expanded via higher moments of
the orientational distribution. Relaxation theory accounts for
both the orientational distribution of the coupling interactions,
as well as fluctuations in terms of the ergodic hypothesis. In
principle, the relaxation can be due to local segmental motions,
which modulate the static coupling tensor, or slower order
fluctuations that modulate the residual coupling tensor left
over from the fast segmental motions.

As mentioned above, the general closure relation of equation
(7) can be collapsed for various limiting motional cases. In what
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Figure 7. Frequency dispersion of 13C NMR and 2H NMR spin–lattice
relaxation rates for liquid-crystalline DMPC bilayers. Nuclear resonance
frequencies for 13C or 2H nuclei at a given value of the magnetic field
are indicated by ν0 (=ω0/2π) ≡ νC or νD, respectively. Nonexponential
relaxation is evident by comparative fitting of models for intrinsically
distributed phospholipid dynamics within the membrane bilayer. (a) 13C
NMR relaxation dispersion for (•) (CH2)n carbons (C4–C11) of DMPC
(ν0 = 15–150 MHz), and (b) 2H NMR relaxation dispersion for (�) selec-
tively deuterated C7 carbons of 1,2[7 ′,7 ′-2H]DMPC (ν0 = 3–95 MHz)
at 30 ◦C. By combining the two rate dispersions, the frequency range is
expanded; a simultaneous best fit is obtained using a composite membrane
deformation model (---------). Alternatives include a molecular diffusion
model (-·-·-·-·-), 2-D flexible surface model (smectic deformation) (········),
and (nematic-like) 3-D membrane deformation model (- - - - -). Data taken
in part from Ref. 37. (Adapted from Ref. 28. © Elsevier, 2011)

follows, the time-dependent part is considered by replacing the
sums over (r, q, p) by a single sum over the n′ index. On
the length scale of the polymethylene (CH2)n acyl chains, the
local fluctuations entail the instantaneous orientation of the
PAS (P) in terms of a segmental frame (I) whose z-axis is
perpendicular to the H–C–H plane for a methylene group (as
in the mean-torque model). The choice of the intermediate
(I) frame depends on the type of model considered. The
orientation of the segmental frame is described by Euler angles
Ω ID(t) and it is rendered time-dependent by fluctuations in the
segmental distribution with respect to the membrane director
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(D) frame (Figure 6). For these Markov fluctuations of the
segmental frame, a strong-collision approximation is useful.
The power spectral density for the dynamics depends on the
product of the mean-square amplitudes of the matrix elements
D(2)

n′n(ΩID) and the reduced spectral densities j(2)

n′n(ω, ΩID) as
written by:

F(2)

n′n(ω, ΩID)

= [〈|D(2)

n′n(ΩID)|2〉 − |〈D(2)

n′n(ΩID)〉|2δn′0δn0]j(2)

n′n(ω, ΩID)

(26)

Using the closure relation of equation (7), and including
the director–laboratory frame D(2)

nm(ΩDL) transformation,
equation (27) shows that the contribution from segmental
mobility to the laboratory-frame power spectral density
function is found to be:

Jm(ω)=
∑

n′

∑
n

∣∣∣∣D(2)

0n′(ΩPI)−
ηλ√

6
[D(2)

−2n′(ΩPI)+D(2)

2n′(ΩPI)]

∣∣∣∣2

× F(2)

n′n(ω, ΩID)|D(2)
nm(ΩDL)|2 (27)

Alternatively, one may consider that the coupling interaction
(i.e., order parameter) is pre-averaged with respect to the
instantaneous segmental frame transformation. In addition to
fast segmental motions of the lipids as discussed earlier, the
relaxation may include additional contributions from slower
fluctuations in the local ordering set up by the more rapid
segmental motions – the so-called order fluctuations.7 The
slower order fluctuations can be due to noncollective molecular
motions of the lipids, or alternatively to collective many-
body motions of the lipids formulated as a quasi-continuum
elastic model.7 For molecular or collective bilayer motions, the
intermediate frame is the internal (I) frame due to averaging
by the faster motions. (In general, the intermediate I-frame
for segmental motions (see above) and the internal I-frame
for molecular or collective motions can differ.27) The local
order fluctuations are expressed with respect to either the
molecular axis system (M) or the local director (N) axis system
(Figure 6). In the former case, fluctuations of the molecular
frame with respect to the director frame contribute to the
membrane dynamics. As shown by equation (28), the mean-
square molecular fluctuations together with the closure relation
of equation (7) yield the spectral densities for the membrane
dynamics as

F(2)

n′n(ω, ΩMD)

= [〈|D(2)

n′n(ΩMD)|2〉 − |〈D(2)

n′n(ΩMD)〉|2δn′0δn0]j(2)

n′n(ω, ΩMD)

(28)

In the laboratory frame, the spectral density for the fluctuations
as a function of frequency is given by:

Jm(ω) = |〈D(2)
00 (ΩPI)〉|2

∑
n′

∑
n

∣∣∣D(2)

0n′(ΩIM)

−〈ηλ〉√
6

[
D(2)

−2n′(ΩIM) + D(2)

2n′(ΩIM)
]∣∣∣∣2

× F(2)

n′n(ω, ΩMD)|D(2)
nm(ΩDL)|2 (29)

Notably, in both equations (27) and (29), the overall trans-
formation matrix elements D

(j)
n′n(Ω) depend on both even

and odd terms of the potential of mean-torque U(cos β) of
equation (14). (Generalized Euler angles Ω ≡ (α, β, γ ) are
considered and subscripts ID or MD are suppressed.) The
products of the rotation matrix elements are described by the
Clebsch-Gordan series as shown below:

D
(j1)
mn (Ω)D

(j2)

m′n′(Ω) =
∑

j

C(j1j2j; mm′)

× C(j1j2j; nn′)D
(j)
m+m′ ,n+n′(Ω) (30)

In equation (30), C(j1j2j;mm′) denotes the Clebsch–Gordan
coefficients, and D

(j1)
mn (Ω) and D

(j2)

m′n′(Ω) are matrix elements of

rank j1 and j2 giving the coupled matrix element D
(j)
m+m′,n+n′(Ω),

where the summation is over all j obeying the triangle rule
for vector addition. However, the Clebsch–Gordan series
expansion for the products of Wigner rotation matrix ele-
ments contains only even terms, owing to the even parity of
the quadrupolar and dipolar interactions under inversion.33

(Physically, the expansion must be invariant to applying the
parity operator which kills the odd terms.) It follows that in
equations (26) and (28), the mean-squared matrix elements
can be expressed in terms of Legendre polynomials from zeroth
rank to fourth rank, as calculated from:

〈D(j)
00(Ω)〉 = 〈Pj(cos β)〉

=

π∫
0

Pj(cos β)e−U(cos β)/kBT sin βdβ

π∫
0

e−U(cos β)/kBT sin βdβ

(31)

To further connect these theoretical constructs with the
physical lipid system dynamics, next we relate the reduced
spectral density functions j(2)

n′n(ω, Ω), which are the Fourier
transform partners (F) of the time autocorrelation functions
g(2)

n′n(t, Ω), to the distribution of dynamic diffusional modes:34

F {g(2)

n′n(t, Ω)}

= F
{

e−(D||−D⊥)n′2t
∞∑

k=1

c(2,k)
n′n e−α

(2,k)
n′n D⊥t

}

= j(2)

n′n(ω, Ω) =
∞∑

k=1

c(2,k)
n′n

2τ
(2,k)
n′n

1 + [ωτ
(2,k)
n′n ]2

(32)

In equation (32), the axial and off-axial diffusion tensor
elements are D|| and D⊥ respectively, α(2,k)

n′n is the kth eigenvalue

of the diffusion operator, c(2,k)
n′n is the relative normalized

weight, and τ
(2,k)
n′n is the correlation time for the kth relaxation

component.35 Within a single-exponential approximation for
the correlation functions, the effective correlation times τ

(2)

n′n
are given by:

1/τ
(2)

n′n = [α(2)

n′n + (ηD − 1)n′2]D⊥ (33)
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The effective reciprocal time constants α
(2)

n′n are expressed by
equation (34) and are obtained from the moments μn′n to
linear order for continuous diffusion, where ηD ≡ D||/D⊥ is the
anisotropy of the rotational diffusion tensor:33

α
(2)

n′n =
∞∑

k=1

c(2,k)
n′n α

(2,k)
n′n = μn′n

〈|D(2)

n′n(Ω)|2〉 − |〈D(2)

n′n(Ω)〉|2δn′0δn0
(34)

Besides noncollective segmental and molecular motions,
there are potentially contributions to the relaxation from
collective membrane motions, as first discussed by Brown.7

Such dynamical modes are suggested by the liquid-crystalline
phase behavior of the membrane phospholipids, and are
expressed via small-angle displacements δn(r, t) of the instan-
taneous membrane normal (N) frame with respect to the
membrane director axis (D) (Figure 6). In this limit, there
is a continuous distribution of correlation times extending
from the short-wavelength cutoff (on the order of the car-
bon bond) to the long-wavelength dimensions of the entire
lipid membrane.36 Equation (35) shows that the ensemble-
averaged time correlation of such fluctuations is expressed
as d-dimensional, thermally excited viscoelastic modes in the
Fourier wave-vector q space:7,27

〈δn∗(r, t+τ) · δn(r, t)〉 = 1

(2π)d

qmax∫
qmin

〈|δn(q, t)|2〉e−|τ |/τq ddq

(35)
Here, the angular brackets denote a configurational average
at a given point r, while a horizontal bar is used for spatial
averaging over the system. For the case of phospholipid bilayer
membranes, this continuum approximation for NMR relax-
ation was first formulated in Ref. 7 within the context of a GMF
analysis. The correlation times of the collective motions are
found through equipartition of the mean-square amplitudes
〈|δn(q, t)|2〉/kBT, and are simple functions of the viscosity η

and the elastic constants K for the viscoelastic contributions to
the membrane deformation energy. In the small-angle approx-
imation, the power spectral density of such order-director
fluctuations is written as,

Jm(ω) = 3

2
|〈D(2)

00 (ΩPN)〉|2
∑

n=±1

F(2)
0n (ω, ΩND)|D(2)

nm(ΩDL)|2

(36)
where the spectral density factors are expressed by:

F(2)
0n (ω, ΩND) = C′|ω|−1 (37a)

F(2)
0n (ω, ΩND) = C|ω|−1/2 (37b)

The viscoelastic constants are C ′ = kBT/2K, and C =
kBT

√
η/π

√
2K3 for collective d = 2 smectic undulations

of the bilayer and the d = 3 quasi-nematic deformations,
respectively.27

Taking the aforementioned multiscale membrane dynamics
into consideration, the correlation times correspond to the D||
and D⊥ values of the molecular diffusion tensor, and have been
estimated from the analysis of 2H NMR variable frequency T1Z
experiments.33,37 These results are obtained by comparative

fitting to multiple models that include mean-field potentials
of even or odd symmetry, based on the classical work of Pier
Luigi Nordio35 and Jack Freed, as well as contributions to
the dynamics that arise from vesicle tumbling and continuum
deformation.38,39 Semilogarithmic plots of 2H NMR and
13C NMR relaxation rates are shown in Figure 7 for the
rate–frequency dispersion of DMPC. Relaxation rates were
measured for the (CH2)n (carbons C4–C11) and C7 segmental
positions from 13C NMR and 2H NMR experiments, respec-
tively. Notably, over the MHz frequency interval, an essentially
continuous dispersion of the relaxation rate data is evident.
These positions exhibit similar segmental order parameters,
and comparative fitting to segmental, molecular, and com-
posite membrane deformation models has been carried out.40

For both quadrupolar and dipolar nuclear spin interactions,
a composite model consisting of molecular diffusion and
continuum deformation describes the frequency dispersion.27

In comparable studies, where only continuous segmental
diffusion models were invoked,41 segmental correlation times
of approximately nanoseconds in the liquid-crystalline state
were obtained – too long to be physically significant. Evidently,
the segmental fast motions contribute to the high frequency
tails as shown in Figure 7. A further important aspect is that the
frequency-independent part of the dispersion is due to local
segmental motions of the lipid acyl chains;42,43 it corresponds
to a microviscosity of the bilayer hydrocarbon interior equal
to a paraffinic liquid of comparable chain length.44

Unified Model-Free Treatment of 2H and 13C NMR
Relaxation Measurements

Here we have shown that the dynamics of the membrane are
essentially the same when studied for either the 2H or 13C
spin systems. However, because the power-spectral densities
for each nucleus are sensitive to fluctuations on the order of the
Larmor frequency, as well as the coupling constant, the high-
field relaxation encompasses a different range of frequency
dispersive behavior for the two nuclei. By simultaneously ana-
lyzing the relaxation data for the two nuclei, we are able to
cover a larger effective frequency interval than for a single
nucleus alone. This requires that the mechanism of the relax-
ation is firmly established, and that the coupling constants are
known.16

As is evident by fitting the composite membrane model
to the 2H and 13C relaxation rate dispersions, the overall
relaxation rate is well represented by the summation of fast
local segmental motions (Rfast

1Z ) and slower motions (Rslow
1Z ).31

In terms of the preceding development, the local segmental
motions are described by an Sfast order parameter, and the
slower molecular or collective motions by an Sslow order
parameter. Negligible cross-correlations of the dynamic modes
are assumed as shown below,

R1Z = Rfast
1Z + Rslow

1Z (38)

Taking into consideration the scaling of the relaxation rate by
the generalized coupling constant χλ for the 2H and 13C nuclei,
the contributions of fast local motions lead to the result:
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Rfast
1Z (2H) = 3

2
π2χ2

Q(1 − S2
fast)τfast (39a)

Rfast
1Z (13C) = NHπ2χ2

D(1 − S2
fast)τfast (39b)

Here Sλ = Sfast Sslow = 〈P2(cos βPD)〉, and τ fast is on the order
of a bond vibrational period. In this short correlation time
regime, the dynamics do not appreciably affect the frequency
dispersion.

On the other hand, slower motions such as noncollective
molecular diffusion and collective bilayer motions both con-
tribute to the frequency dispersion of the Rslow

1Z relaxation rate.
The overall relaxation rate for the molecular motion Rmol

1Z
and collective motion Rcol

1Z may be distinguished, however, on
the basis of a unified 13C and 2H frequency scaling and the
amplitude factors:31

Rmol
1Z

∼= Rfast
1Z + χ2

λŨmolS
2
fast(1 − S2

slow)τ−1
slowω−2

0 (40a)

Rcol
1Z

∼= Rfast
1Z + χ2

λŨcolCS2
fastω

−1/2
0 (40b)

where the long correlation time limit is assumed for molecular
motions. In equations (40a, 40b), we follow Ref. 16 and have
defined frequency-independent unification factors Ũ for the
2H (D) and 13C (C) spectral densities. For the molecular case
the unification factors for deuterium and carbon-13 nuclei are
given by:

Ũmol
D = 3π2/5 (41a)

Ũmol
C = 1

10
NHπ2[(γH/γC − 1)−2 + 3 + 6(γH/γC + 1)−2]

(41b)
Analogously for collective dynamics31 we have that:

Ũcol
D = 9

20
π2(1 + 2

√
2) (42a)

Ũcol
C = 3

20
NHπ2[(γH/γC − 1)−1/2 + 3 + 6(γH/γC + 1)−1/2]

(42b)
Comparative fitting then allows one to discriminate between

the above contributions to the relaxation rate-frequency dis-
persion. This aspect is illustrated in Figure 8, where the
unification of the quadrupolar and dipolar relaxation rates
has been achieved for DMPC. Using these expressions, the
2H and 13C NMR nuclear spin–lattice relaxation time disper-
sions measured for the same lipid segments (Figure 7) now
collapse to a single plot in Figure 8(a). A scaled or reduced
relaxation rate R̃1Z is obtained, which follows a simple power-
law behavior for the noncollective molecular and collective
dynamics, as shown in Figure 8(b). The combined disper-
sions represent frequency-dependent spectral density Jm(ω)
contributions that follow a three-dimensional power-law trend
(ω− 1/2, d = 3) spanning nearly the full megahertz regime, from
γ D = 2 MHz to γ C + γ H = 938 MHz for the carbon acyl chain
segments.7,16,27
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Figure 8. Multinuclear NMR spin–lattice relaxation rates for liquid-
crystalline bilayers are unified in terms of a simple frequency power-law.
Scaled 2H NMR and 13C NMR spin–lattice relaxation rates R̃1Z may
be compared simultaneously (ν0 ≡ νC, νD) and collapse to a single curve.
(a) Relaxation rate dispersions for natural abundance 13C DMPC and
isotopically enriched 1, 2[3 ′, 3 ′- 2H]DMPC are shown at 30 ◦C. The power-
law dispersions for the C3 position in (�) 13C NMR and (�) 2H NMR are
fit by a single power-law function (---------) with n =− 1/2 consistent with
a membrane deformation model. (b) Double-logarithmic plots of scaled
relaxation rate dispersion with comparative fitting to alternative power-
law frequency scalings as indicated. Power-law exponents are shown for
n =− 2, − 1, and − 1/2 corresponding to molecular diffusion, flexible
surface (smectic deformation), and membrane deformation (nematic-like)
models. Data are taken in part from Ref. 37. (Adapted from Ref. 28.
© Elsevier, 2011)

Experimental Investigations of Membrane
Structure and Dynamics
The experimental approaches and theoretical formalisms pre-
sented earlier are showcased by applications to biomembranes.
Generally, the role of membranes in the physiological setting is
twofold. First, the membrane lipids provide a semipermeable
barrier that modulates the passage of molecules into and out
of the cell. Second, the membrane provides an interface and
matrix for proteins that supports their structural and functional
properties. Both of these roles of the membrane are intrinsically
related, and are in large part determined by lipid structure and
dynamics. Therefore, it is an important goal of NMR research
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Figure 9. Solid-state 2H NMR monitors membrane order parameter
changes under osmotic stress. (a) De-Paked 2H NMR spectra of DMPC -
d54 recorded at different weight percent water (wt. % H2O) concentrations
exhibit a progressive increase of peak-to-peak splitting as the membrane is
dehydrated at 45 ◦C. The 2H NMR spectra were acquired at a resonance
frequency of 46.1 MHz (magnetic field strength of 7.06 T). (b) Segmental
order parameter profiles SCD versus carbon index (i) show that lipid
hydrocarbon chains become more ordered as water is removed from the
bilayer. Changes in order parameters can be used in conjunction with
the mean-torque model to yield the cross-sectional area per lipid 〈A〉,
and hydrocarbon thickness DC which define the membrane shape and its
deformation under varied osmotic conditions. Data are taken from Ref. 8

to investigate experimental systems that encompass changes
in lipid segmental order parameters and relaxation times to
establish a connection to biomembrane function.

Of particular interest is the molecular basis by which lipid
membranes interact with other components such as proteins
and peptides.45,46 As a lyotropic liquid-crystalline system, the
structure and dynamics of lipid membranes depend on the
presence of water. The polar water molecules establish a hydra-
tion layer about the polar headgroups of phospholipids. The
hydrophobic effect enforces the nonpolar hydrocarbon chains
to become sequestered within the bilayer core. This interac-
tion is a driving force behind the self-organization of the lipid
membrane (cf. Figure 4). For membranes, changes of lipid
structure and dynamics occur as a result of the interlamellar

activity of water or osmolytes. Experimentally, this has been
observed by using DMPC-d54 with perdeuterated chains to
probe the bilayer hydrocarbon region.8 Figure 9(a) shows that
a progressive increase of the ΔνQ splittings for the lipid acyl
chains is observed in the 2H NMR spectra as the membranes are
progressively dehydrated. Plotted as segmental order param-
eter profiles of SCD versus carbon index of the acyl chain
(i), the removal of water from the interlamellar space of
the membranes gives a striking increase in segmental order
parameters for all carbon positions, see Figure 9(b). According
to the mean-torque model, the cross-sectional lipid areas are
reduced, and the hydrocarbon thickness grows as water content
is decreased.8 Water not only influences the average structure
of the bilayer, but it is also a vital component of the biolog-
ical system. To deal with fluctuations in water concentration,
nature has evolved complex protein machinery that assists in
the passage of water into and out of the cellular membrane. The
so-called aquaporins and mechanosensitive channels represent
instances whereby the biomembrane and transmembrane pro-
teins are coupled in a structural sense to the cellular needs for
osmoregulation.8,47

The internal composition of the membrane itself also has
a special influence over the motions and structure of the
membrane lipids. In the biological setting, one of the most
important chemical compounds found in association with the
lipid hydrocarbon chains is cholesterol. This sterol intercalates
between the lipids,48 and causes a stiffening of the bilayer.49 An
opposite softening effect of the membrane can be achieved by
introducing nonionic surfactants such as C12E8, which belong
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Figure 10. Square-law functional dependence shows changes in mem-
brane viscoelasticity as a function of chemical composition. Relaxation
theory for 2H NMR spectroscopy of lipid membranes predicts a linear
relationship between the nuclear spin–lattice relaxation rates R(i)

1Z and

the squares of the segmental order parameters S(i)
CD for the various acyl

segments (index i). DMPC-d54 membranes that contain the nonionic sur-
factant C12E8 at a (�)1 : 2 molar ratio at 42 ◦C give an increase of the
square-law slope and a softening of the bilayer. The presence of cholesterol
(Chol) at (�) 1 : 1, (�) 2 : 1, and (�) 4 : 1 molar ratios at 44 ◦C gives an
opposite decrease of the square-law slope, corresponding to a stiffening
of the lipid membrane. The 2H NMR measurements were conducted at
76.8 MHz (11.7 T). Data are taken from Ref. 28
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to a class of chemical compounds important in pharmaceutical
and cosmetic formulations.50 In terms of NMR observables,
the SCD and R1Z values report on a stiffening or softening of
the membrane that emerges from the local atomistic interac-
tions. These changes in membrane properties may be analyzed
as first proposed by Brown, using the theoretically predicted7

square-law proportionality between the RQC and relaxation
rate. Figure 10 illustrates how the range of the square-law slopes
observed for DMPC-d54 bilayers depends on the presence of
nonionic surfactants and cholesterol. For surfactant-softened
bilayers, low absolute order parameters are observed along
with large relaxation rates, leading to large square-law slopes.
By contrast, for cholesterol-stiffened bilayers, large absolute
order parameters and low relaxation rates are measured, and
the square-law slopes reduce with increasing cholesterol con-
tent. The slopes themselves may be related to the viscoelastic
parameters η and K thus providing material constants for
the lipid bilayers.49 These parameters can be tuned simply by
changing the chemical composition of the system, which can
be monitored using solid-state NMR spectroscopy.

Outlook and Conclusions
Biophysical studies of membranes continue to occupy an
important place in the field of biomolecular NMR spectros-
copy. From the standpoint of fundamental quantum mechan-
ics, the frequency spectra and relaxation times showcase the
properties of nuclear spins and their interactions with mag-
netic and electric fields. In an applied sense, 2H and 13C NMR
spectroscopies are among the premiere biophysical means to
characterize and quantify the structural and dynamic parame-
ters of membranes. The union of these measurements through
powerful theoretical insights expands the scope of experimen-
tal applications that enable continued deep understanding
of biomembrane systems. The liquid-crystalline properties of
phospholipid bilayers give rise to characteristic experimental
observables that are explicable by atomistic and continuum
models. From an atomistic perspective, the structure and
dynamics of membranes are determined in large part by
the properties of the lipids, which depend on the number
of carbons in the acyl chain, headgroup type, and degree of
acyl unsaturation. Additionally, membrane structural dynam-
ics are influenced by components such as water, cholesterol,
peptides, and proteins. Along with this atomistic picture of
the membrane, collective or continuum models describe the
membrane as a viscoelastic mesoscopic material. Together
with related nuclear magnetic resonance techniques (Unify-
ing Solution and Solid-State NMR Studies of Nucleic Acid
Dynamics, Structure Determination of Solid Proteins Using
MAS and Isotopic Enrichment, Biosynthesis and Metabolic
Pathways: Carbon-13 and Nitrogen-15 NMR, and Biosynthe-
sis and Metabolic Pathways: Deuterium NMR), solid-state 2H
and 13C NMR studies of membranes contribute in a pro-
found way to our knowledge of how biomolecular structure
and dynamics affect the fundamental processes of living sys-
tems.
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